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EQUIVARIANT SPECIAL L-VALUES OF ABELIAN t-MODULES
JIANGXUE FANG
Abstract. We prove a formula of the equivariant ∞-adic special L-values of abelian t-modules.
This gives function field analogues of the equivariant class number formula. As an application,
we calculate the special values of Artin L-functions for Galois representations.
1. Introduction and statement of the main results
Let k be a finite field of q-elements and of characteristic p. Let F be a finite field extension of
k. For any k-module M and any variable t, let M [t] = M ⊗k k[t], M [[t−1]] = M⊗̂kk[[t−1]] and
M((t−1)) = M⊗̂kk((t−1)).
Definition 1.1. (1) For any finite F [t]-module M , the characteristic polynomial |M |F [t] of M is
defined to be
|M |F [t] = detF [t]
(
1⊗ t− t⊗ 1, M ⊗F F [t]
)
,
where the F [t]-module structure on M ⊗F F [t] is given by F [t].
(2) Let H be a finite abelian group of order prime to p and M a finite k[t][H ]-module. Then
k[H ] ≃∏ri=1 ki for some finite fields ki and M ≃ ⊕ri=1Mi for some finite ki[t]-module Mi. Define
|M |k[t][H] =
r∏
i=1
|Mi|ki[t] ∈
r∏
i=1
ki[t] = k[t][H ].
(3) Let H be a finite abelian group andM a finite k[t][H ]-module which is free over k[H ]. Define
|M |k[t][H] = detk[t][H]
(
1⊗ t− t⊗ 1, M ⊗k k[t]
)
,
where the k[t]-module structure on M ⊗k k[t] is given by k[t] and the k[H ]-module structure is
given by M .
Let K be a finite field extension of k(t) and L a finite Galois extension of K with Galois group
G = G(L/K). Let OK and OL be the integral closures of k[t] in K and L, respectively. Let z
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be the image of t in OK and OL. For any maximal ideal p of OK , choose a prime ideal P of OL
above p. Let GP be the decomposition group and IP the inertia group of P over p. Then we have
an isomorphism GP/IP ≃ G(κP/κp) onto the Galois group of the residue field extension κP/κp.
Then GP/IP is generated by the Frobenius element FrobP whose image in G(κP/κp) is the |κp|-th
power map. We have
|κp|k[t] =
∏
δ∈G(κp/k)
(t− δ(z)) ∈ k[t] ⊂ k((t−1)).
Thus 1|κp|k[t] ∈ t−1k[[t−1]]. Let χ : G→ F× be a character. Define the ∞-adic L-value of χ at 1 by
the convergent infinite product
L(1, χ) =
∏
p∈Max(OK)
(
1− χ(p)|κp|k[t]
)−1
∈ 1 + t−1F [[t−1]],
where Max(OK) is the set of maximal ideals of OK and where we define χ(p) as follows:
χ(p) =
{
χ(FrobP) if χ|IP = 1,
0 if χ|IP 6= 1.
Generally, let ρ : G→ GLF (V ) be a representation of G on a finite dimensional F -vector space V .
Definition 1.2. For any positive integer n, define the ∞-adic L-value of ρ at n by the convergent
infinite product
L(n, ρ) =
∏
p∈Max(OK)
detF [[t−1]]
(
1− ρ(FrobP)|κp|nk[t]
, V IP [[t−1]]
)−1
∈ 1 + t−1F [[t−1]].
Definition 1.3. The n-th tensor power of Carlitz module is the functor
C⊗n : {OK-algebras} → {k[t]-modules}
that associates each OK-algebra B to a k[t]-module C⊗n(B) whose underlying k-vector space is
Bn and whose k[t]-module structure is given by
C⊗n : k[t]→ Endk(Bn), C⊗n(t)(x1, . . . , xn−1, xn) = (zx1 + x2, . . . , zxn−1 + xn, zxn + xq1)
for any x1, . . . , xn ∈ B.
Let V ∗ = HomF (V, F ). Define a right F [G]-module structure on V
∗ by
(ϕg)(v) = ϕ(ρ(g)(v)) for any ϕ ∈ V ∗, g ∈ G and v ∈ V.
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For any left k[t][G]-module M , we get a F [t]-module V ∗ ⊗k[G] M . Thus we get two finite F [t]-
modules V ∗ ⊗k[G] C⊗n(OL/pOL) and V ∗ ⊗k[G] Lie(C⊗n)(OL/pOL). Let IPV be the sub-F [G]-
module of V generated by gv − v for any g ∈ IP and v ∈ V and let VIP = V/IPV . In this paper,
we will prove the following lemma.
Lemma 1.4. We have
L(n, ρ) =
∏
p∈Max(OK)
|V ∗ ⊗k[G] Lie(C⊗n)(OL/pOL)|F [t]
|V ∗ ⊗k[G] C⊗n(OL/pOL)|F [t]
∈ 1 + t−1F [[t−1]].
Since G is arbitrary, then V ∗ ⊗k[G] OL may not be a locally free OK-module. So we can’t use
the method of [4] to study L(n, ρ). However, Homk[G](V, OL) is a locally free OK-module. In
order to study L(n, ρ), we must consider the following convergent infinite product
L(C⊗n, ρ) =
∏
p∈Max(OK)
|Homk[G](V, Lie(C⊗n)(OL/pOL))|F [t]
|Homk[G](V, C⊗n(OL/pOL))|F [t]
.
In this paper, we also prove the following lemma.
Lemma 1.5. We have
L(C⊗n, ρ) =
∏
p∈Max(OK)
detF [[t−1]]
(
1− ρ(FrobP)|κp|nk[t]
, VIP [[t
−1]]
)−1
∈ 1 + t−1F [[t−1]]
and
L(n, ρ)
L(C⊗n, ρ)
∈ F (t)×.
This means that L(n, ρ) and L(C⊗n, ρ) are equal up to a rational polynomial.
For any matrix (aij) over a k-algebra, denote by (aij)
(qs) = (aq
s
ij ). Let Mn(OK) be the ring of
n × n-matrices over OK and let Mn(OK){τ} be the ring over Mn(OK) generated by τ with the
relation τP = P (q)τ for any P ∈Mn(OK).
Definition 1.6. An abelian t-module E over OK is a k[t]-module scheme E over OK whose
underlying k-vector space scheme is isomorphic to Gna for some positive integer n and the k[t]-
module structure on E is given by
E : k[t]→ Endk-group(E) = Mn(OK){τ}
such that E(t) =
∑r
s=0 Asτ
s for some A0, . . . , Ar ∈Mn(OK) with (A0 − zIn)n = 0. The integer n
is called the dimension of E.
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Remark 1.7. An abelian t-module E over OK defines a functor
E : {OK-algebras} → {k[t]-modules}.
The n-th tensor power C⊗n of Carlitz module C is an abelian t-module of dimension n.
Definition 1.8. Define the∞-adic L-value L(E, ρ) of E twisted by ρ to be the convergent infinite
product
L(E, ρ) =
∏
p∈Max(OK)
|Homk[G](V, Lie(E)(OL/pOL))|F [t]
|Homk[G](V, E(OL/pOL))|F [t]
∈ 1 + t−1F [[t−1]].
Let K∞ = K ⊗k(t) k((t−1)) and L∞ = L⊗k(t) k((t−1)). There exists a unique power series
expE X =
∑
s≥0
esX
(qs)
with X = (X1, . . . , Xn)
T and es ∈Mn(K∞) such that e0 = In and
expE(A0X) =
r∑
s=0
As(expEX)
(qs).
We get a continuous and open k[t][G]-linear map
expE : Lie(E)(L∞)→ E(L∞).
By [4, Lemma 1.7], we get a k((t−1))[G]-module structure on Lie(E)(L∞). By normal basis
theorem, L is a free K[G]-module of rank one. Then Lie(E)(L∞) is a free k((t
−1))[G]-module of
rank [K : k(t)] dimE.
Definition 1.9. Suppose S is a commutative ring. A perfect complex of S-modules is a bounded
complex of projective S-modules of finite type. Let Dper(S) be the full subcategory of D(S)
consisting of all objects which can be represented by a perfect complex. For any perfect complex
C = (Ci)i∈Z, the determinant detS(C) of C is defined by
⊗
i∈Z detS(C
i)(−1)
i
. For any two
isomorphisms f, g : detS(C1) ≃ detS(C2) for some C1, C2 ∈ Dperf(S), denote by [f : g] the
element of S× such that f = [f : g]g.
Definition 1.10. Let H be a finite abelian group of order prime to p. Let V be a free F ((t−1))[H ]-
module of finite rank.
(1) A lattice in V is a finitely generated projective sub-F [t][H ]-module Λ of V such that the
natural morphism Λ⊗F [t][H] F ((t−1))[H ]→ V is isomorphic.
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(2) Let Λ1 and Λ2 be two lattices of V . Any isomorphism detF [t][H](Λ1) ≃ detF [t][H](Λ2) defines
an isomorphism detF ((t−1))[H]
(
Λ1⊗F [t][H]F ((t−1))[H ]
)
≃ detF ((t−1))[H]
(
Λ2⊗F [t][H]F ((t−1))[H ]
)
.
Let f be the composite
detF ((t−1))[H](V ) ≃ detF ((t−1))[H]
(
Λ1 ⊗F [t][H] F ((t−1))[H ]
)
≃ detF ((t−1))[H]
(
Λ2 ⊗F [t][H] F ((t−1))[H ]
)
≃ detF ((t−1))[H](V ).
Then the image of [f : 1] in F ((t−1))[H ]×/F [H ]× does not depend on the choice of the isomorphism
detF [t][H](Λ1) ≃ detF [t][H](Λ2). Denote by [Λ1 : Λ2]F ((t−1))[H] the unique monic representative of
[f : 1] in F ((t−1))[H ]×.
Define
H(E, ρ) = coker
(
Homk[G](V, Lie(E)(L∞))
expE−−−→ Homk[G](V, E(L∞))
Homk[G](V, E(OL))
)
.
Theorem 1.11. Let E be an abelian t-module over OK . Let ρ : G→ GLF (V ) be a finite dimen-
sional F -linear representation of the Galois group of a finite Galois extension L of K. Then
Homk[G](V, Lie(E)(OL)) and Homk[G](V, exp−1E (E(OL))) are lattices of the finite dimensional
F ((t−1))-vector space Homk[G](V, Lie(E)(L∞)) and H(E, ρ) is a finite F [t]-module. Moreover,
L(E, ρ) = [Homk[G](V, Lie(E)(OL)) : Homk[G](V, exp−1E (E(OL)))]F ((t−1)) · |H(E, ρ)|F [t].
It is convenient to group all L(E, ρ) together in an equivariantL-value L(E, G) ∈ 1+t−1k[[t−1]][G]
such that
L(E, ρ) = detF ((t−1))
(
L(E, G), V ((t−1))
)
∈ 1 + t−1F [[t−1]].(1.1)
If k[G] is not commutative or regular, we can’t talk about the determinant for any k[G]-modules.
So we must assume that G is an abelian group of order prime to p for the existence of an equivariant
L-value L(E, G) ∈ 1+ t−1k[[t−1]][G]. So in the rest of this section, we assume that G is an abelian
group of order prime to p.
Definition 1.12. For an abelian t-module E over OK , the equivariant ∞-adic L-value L(E, G)
of E on L/K is defined to be the convergent infinite product
L(E, G) =
∏
p∈Max(OK)
|Lie(E)(OL/pOL)|k[t][G]
|E(OL/pOL)|k[t][G]
∈ k((t−1))[G]×.
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Define
H(E, G) =
E(L∞)
expE(Lie(E)(L∞)) + E(OL)
.
In this paper, we also prove the following theorem.
Theorem 1.13. Let E be an abelian t-module over OK . Let L be a finite Galois extension of K
whose Galois group G is an abelian group of order prime to p.
(1) Then Lie(E)(OL) and exp−1E (E(OL)) are lattices of the free k((t−1))[G]-module Lie(E)(L∞)
of finite rank and H(E, G) is a finite k[t][G]-module. We have
L(E, G) = [Lie(E)(OL) : exp−1E (E(OL))]k((t−1))[G] · |H(E, G)|k[t][G] ∈ k((t−1))[G]×.
(2) (1.1) holds for any finite dimensional F -linear representation ρ : G→ GLF (V ).
Remark 1.14. These theorems generalize the class number formula of [7] for Drinfeld modules and
that of [4] for abelian t-modules and the equivariant class number formula of [2] for cyclotomic
extension of function fields.
The paper is organized as follows. In section 2, we construct an equivariant version of Anderson’s
trace formula. In section 3, we construct the theory of equivariant crystals and prove the trace
formula of equivariant L-functions. In section 4, we express the v-adic equivariant special values of
shtukas in terms of the determinant of the extension groups of shtukas under some local analytic
conditions. In section 5, we prove an equivariant class number formula for abelian t-modules. In
section 6, we calculate the special values of Artin L-functions for Galois representations.
Acknowledgements. I would like to thank David Goss and Lenny Taelman for their continuous
encouragement. My research is supported by the NSFC grant no. 00713210010018.
2. Equivariant version of Anderson’s trace formula
In this section, let G be a finite abelian group of order prime to p. Let R and A be two k-algebras.
For any R-module M , let M [G] = R[G]⊗R M .
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Lemma 2.1. Let M be an R[G]-module. Define
π :M [G]→M,
⊕
g∈G
g ⊗mg 7→
∑
g∈G
gmg;
i :M →M [G], m 7→ 1|G|
∑
g∈G
g ⊗ g−1m.
Then π and i are R[G]-linear and π ◦ i = idM . Then M [G] = i(M)⊕N for N = ker(π).
(1) Then M is a projective R[G]-module if and only if M is projective as an R-module.
(2) One has M ⊗k A ⊕ N ⊗k A ≃ (M ⊕ N) ⊗k A ≃ M [G] ⊗k A = M ⊗k A[G]. For any
φ ∈ EndA[G](M ⊗k A), φ⊕ 0 :M ⊗k A⊕N ⊗k A→M ⊗k A⊕N ⊗k A induces an A[G]-linear map
Φ :M ⊗k A[G]→M ⊗k A[G]. If dimkM <∞, define
detA[G][t](1− tφ, M ⊗k A[t]) = detA[G][t](1− tΦ, M ⊗k A[G][t]) ∈ 1 +A[G][t].
Definition 2.2. Let M be a k[G]-module and let φ ∈ EndA[G](M ⊗k A). A finitely generated
k[G]-moduleM0 ofM is called a nucleus of φ if there exists an exhaustive increasing filtration ofM
by finitely generated k[G]-submodules M0 ⊂M1 ⊂M2 ⊂ · · · such that φ(Mi+1 ⊗k A) ⊂Mi ⊗k A
for any i ≥ 0. One can show that detA[G][t](1 − tφ,M0 ⊗k A[t]) does not depend on the choice of
the nucleus M0 of φ. Define
detA[G][t](1 − tφ,M ⊗k A[t]) = detA[G][t](1− tφ, M0 ⊗k A[t]).
Definition 2.3. Let M and N be two R[G]-modules. For any n ≥ 1, an A[G]-linear map φ :
M ⊗k A→ N ⊗k A is called n-th Frobenius (resp. n-th Cartier) over A on R if
φ(rm) = rq
n
φ(m) (resp. φ(rq
n
m) = rφ(m)) for any r ∈ R and m ∈M ⊗k A.
Definition 2.4. Let R be a finitely generated k-algebra and M a finitely generated R[G]-module.
For any n ≥ 1, let Cn : M ⊗k A → M ⊗k A be an n-th Cartier operator over A on R. By [1,
Proposition 6], C1, C2, . . . , Cn has a common nucleus Mn for any n ≥ 1. Then
detA[G][t]
(
1−
n∑
i=1
tiCi, Mn ⊗k A[t]
)
∈ 1 + tA[G][t]
does not depend on the choice of Mn. Define
detA[G][[t]]
(
1−
∞∑
n=1
tnCn, M ⊗k A[[t]]
)
= lim
n→∞
detA[G][t]
(
1−
n∑
i=1
tiCi, Mn⊗k A[t]
)
∈ 1+ tA[G][[t]].
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Theorem 2.5. Let R be a finitely generated regular domain over k of Krull dimension r. Let
ΩR = ∧rΩ1R/k. By [1, 2.6], we have a Cartier operator C on ΩR. Let M be a finitely generated
projective R[G]-module. For each n ≥ 1, let τn : M ⊗k A → M ⊗k A be an n-th Frobenius
operator over A on R. Let M̂ = HomR(M, ΩR). Define the adjoint operator Cn on M̂ ⊗k A ≃
HomR⊗kA(M ⊗k A, ΩR ⊗k A) of τn by the rule
(Cnmˆ)(m) = (C
n[k:Fp] ⊗ idA)(mˆ(τn(m))) for any m ∈M ⊗k A and mˆ ∈ M̂ ⊗k A.
Let I be a maximal ideal of R of degree d = [R/I : k]. Then
detA[G][[t]]
(
1−
∞∑
n=1
tnτn, M/IM ⊗k A[[t]]
)−1
∈ 1 + tdA[G][[td]].
We have∏
I∈Max(R)
detA[G][[t]]
(
1−
∞∑
n=1
tnτn, M/IM⊗kA[[t]]
)−1
= detA[G][[t]]
(
1−
∞∑
n=1
tnCn, M̂⊗kA[[t]]
)(−1)r−1
.
Proof. By Lemma 2.1, we may assume G = {1}. For the sequence {τn}n≥1, there exists a unique
n-th Frobenius operator τ ′n on M ⊗k A over A on R for each n such that
1−
∞∑
n=1
tnτn = (1 − tτ ′1)(1 − t2τ ′2)(1 − t3τ ′3) · · · .
Let C′n : M̂ ⊗k A→ M̂ ⊗k A be the adjoint of τ ′n. Then we have
1−
∞∑
n=1
tnCn = · · · (1− t3C′3)(1− t2C′2)(1 − tC′1).
For any n ≥ 1, let kn be the extension field of k of degree n. For any object F over k, let
Fn = kn ⊗k F . For any k-linear map φ : F → F , denote the kn-linear map idkn ⊗ φ : Fn → Fn
also by φ. Then τ ′n : Mn ⊗kn An → Mn ⊗kn An is a 1-th Frobenius operator over An on Rn. By
[1, Theorem 1], we have∏
J∈Max(Rn)
detAn[[t]]
(
1− tτ ′n, Mn/JMn⊗kn An[[t]]
)−1
= detAn[[t]]
(
1− tC′n, M̂n⊗kn An[[t]]
)(−1)r−1
.
For any maximal ideal I ofR of degree d, kn⊗kR/I ≃
∏
I⊂J∈Max(Rn)
Rn/J and [Rn/J : kn] =
d
(n, d) .
By [3, Lemma 8.1.4], we have
detA[[t]]
(
1− tτ ′n, M/IM ⊗k A[[t]]
)
= detAn[[t]]
(
1− tτ ′n, Mn/IMn ⊗kn An[[t]]
)
=
∏
I⊂J∈Max(Rn)
detAn[[t]]
(
1− tτ ′n, Mn/JMn ⊗kn An[[t]]
)
∈ 1 + t d(n, d)A[[t d(n, d) ]].
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Substituting t by tn, we get
detA[[t]]
(
1−
∞∑
n=1
tnτn, M/IM ⊗k A[[t]]
)−1
=
∞∏
n=1
detA[[t]]
(
1− tnτ ′n, M/IM ⊗k A[[t]]
)−1
∈ 1 + t nd(n, d)A[[t nd(n, d) ]] ⊂ 1 + tdA[[td]]
and
∏
I∈Max(R)
detA[[t]]
(
1− tnτ ′n, M/IM ⊗k A[[t]]
)−1
=
∏
I∈Max(R)
∏
I⊂J∈Max(Rn)
detAn[[t]]
(
1− tnτ ′n, Mn/JMn ⊗kn An[[t]]
)−1
=
∏
J∈Max(Rn)
detAn[[t]]
(
1− tnτ ′n, Mn/JMn ⊗kn An[[t]]
)−1
= detAn[[t]]
(
1− tnC′n, M̂n ⊗kn An[[t]]
)(−1)r−1
= detA[[t]]
(
1− tnC′n, M̂ ⊗k A[[t]]
)(−1)r−1
.
Then we have
∏
I∈Max(R)
detA[[t]]
(
1−
∞∑
n=1
tnτn, M/IM ⊗k A[[t]]
)−1
=
∏
I∈Max(R)
∞∏
n=1
detA[[t]]
(
1− tnτ ′n, M/IM ⊗k A[[t]]
)−1
=
∞∏
n=1
∏
I∈Max(R)
detA[[t]]
(
1− tnτ ′n, M/IM ⊗k A[[t]]
)−1
=
∞∏
n=1
detA[[t]]
(
1− tnC′n, M̂ ⊗k A[[t]]
)(−1)r−1
= detA[[t]]
(
1−
∞∑
n=1
tnCn, M̂ ⊗k A[[t]]
)(−1)r−1
.

3. Trace formula for equivariant L-functions of crystals
In this section, suppose G is a finite group and A is a k-algebra. All tensors are over k and all
schemes are finite type over k. For any scheme X , let σX : X → X be the morphism induced by
the q-th power map on OX .
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Definition 3.1. (1) A coherent τ -sheaf over A on X is a pair (F , τF) consisting of a coherent
OX -module F and an OX ⊗A-linear homomorphism
τF :
⊕
1≤n≪∞
(σnX)
∗F ⊗A→ F ⊗A.
(2) A homomorphism (F , τF )→ (G, τG) is an OX -linear map φ : F → G such that the following
diagram commutes ⊕
1≤n≪∞(σ
n
X)
∗F ⊗A τF //
⊕(σnX )
∗φ⊗idA

F ⊗A
φ⊗idA
⊕
1≤n≪∞(σ
n
X)
∗G ⊗A τG // G ⊗A.
(3) A coherent τ -sheaf (F , τF ) is called nilpotent if there exists a decreasing filtration {Fm}m∈N
of F by coherent submodules such that F0 = F , Fm = 0 for m≫ 0 and
τF
( ⊕
1≤n≪∞
(σnX)
∗Fm ⊗A
)
⊂ Fm+1 ⊗A for any m.
Definition 3.2. Let A be an abelian category.
(1) A G-module in A is a pair (F , α) consisting of an object F in A and a homomorphism
α : G→ Aut(F) of groups.
(2) Let K0(A) be the Grothendieck group of A generated by the isomorphic classes [M ] of
objects in A, modulo relations [M2] = [M1] + [M3] for every short exact sequence in A
0→M1 →M2 →M3 → 0.
Definition 3.3. (1) Let Cohτ (X, A) be the category of coherent τ -sheaves over A on X and let
NilCohτ (X, A) be its full subcategory consisting of nilpotent objects.
(2) Let CohGτ (X, A) and NilCoh
G
τ (X, A) be the category of G-modules in Cohτ (X, A) and
NilCohτ (X, A), respectively.
(3) A morphism α in CohGτ (X, A) is called nil-isomorphism if ker(α) and coker(α) are nilpotent.
Proposition 3.4. The category CohGτ (X, A) is abelian and NilCoh
G
τ (X, A) is its abelian sub-
category stable under subquotient and extension. By [3, Proposition 2.3.4], the quotient cate-
gory CrysG(X, A) of CohGτ (X, A) by NilCoh
G
τ (X, A) is also abelian. Let qX : Coh
G
τ (X, A) →
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CrysG(X, A) be the localization map. Then α is a nil-isomorphism in CohGτ (X, A) if and only if
qX(α) is an isomorphism in Crys
G(X, A). Moreover, qX is exact and induces a homomorphism
qX : K0(Coh
G
τ (X, A))→ K0(CrysG(X, A)).
Remark 3.5. Definition 3.1 and Definition 3.3 of τ -sheaves and crystals are stronger than that of [3].
Under the definition of crystals in [3], one only get a cohomological trace formula of L-functions up
to unipotent polynomials. However, we get an explicit cohomological trace formula of equivariant
L-functions of crystals in our setting.
3.1. Inverse image. Let f : X → Y be a k-morphism of schemes and let i ≥ 0. For any
coherent τ -sheaf G = (G, τG) over A on Y , denote by Lif∗G = (Lif∗G, τLif∗G) where τLif∗G is the
composition⊕
1≤n≪∞
(σnX)
∗Lif
∗G ⊗A can.−−→
⊕
1≤n≪∞
Lif
∗(σnY )
∗G ⊗A Lif
∗τG−−−−−→ Lif∗G ⊗A.
If G is a G-module in Cohτ (Y, A), then we get a G-module Lif∗G in Cohτ (X, A). Thus we get a
functor
Lif
∗ : CohGτ (Y, A)→ CohGτ (X, A).
Lemma 3.6. Let G ∈ Cohτ (X, A). For any i ≥ 1, Lif∗G is a nilpotent coherent τ -sheaf on X .
Proof. Factors f = hg with a closed immersion g and a flat morphism h. Then Lif
∗G = Lig∗(h∗G)
and Lif
∗G = Lig∗(h∗G). Hence we may assume that f is a closed immersion defined by an ideal
I of OY . Define a decreasing filtration {Fm}m≥0 of Lif∗G = TorOYi (G, OY /I) by
Fm = im
(
TorOYi (G, OY /Im+1)→ TorOYi (G, OY /I)
)
.
It remains to show that Fm = 0 for m≫ 0 and
τLif∗G
( ⊕
1≤n≪∞
(σnX)
∗Fm ⊗A
)
⊂ Fm+1 ⊗A.
The problem is local on Y . So we may assume Y is affine. Then we can choose an exact sequence
0→ (K, τK)→ (Pi, τPi)→ · · · → (P1, τP1)→ (G, τG)→ 0
of coherent τ -sheaves over A on Y such that P1, . . . ,Pi are free OY -modules. Then
TorOYi (G, OY /Im+1) = K ∩ Im+1Pi/Im+1K
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and hence
Fm = (K ∩ Im+1Pi) + IK/IK.
By Artin-Rees lemma, there exists m0 ≥ 0 such that for any m ≥ m0, we have
K ∩ Im+1Pi = Im+1−m0(K ∩ Im0Pi).
We have K ∩ Im+1Pi ⊂ IK and hence Fm = 0 for any m ≥ m0. This shows
τPi
( ⊕
1≤n≪∞
K ∩ Im+1Pi ⊗A
)
⊂ K ∩ Iq(m+1)Pi ⊗A
for any m ≥ 0. Then for any m ≥ 0, we have
τLif∗G
( ⊕
1≤n≪∞
(σnX)
∗Fm ⊗A
)
⊂ Fm+1 ⊗A.

Lemma 3.7. There is a unique functor f∗ : CrysG(Y, A)→ CrysG(X, A) such that the diagram
CohGτ (Y, A)
f∗
//
qY

CohGτ (X, A)
qX

CrysG(Y, A)
f∗
// CrysG(X, A)
commutes. Moreover, the functor f∗ : CrysG(Y, A)→ CrysG(X, A) is exact and hence it induces
a homomorphism
f∗ : K0(Crys
G(Y, A))→ K0(CrysG(X, A)).
Proof. If α is a nil-isomorphism in CohGτ (Y, A), then f
∗(α) is a nil-isomorphism in CohGτ (X, A)
and qXf
∗(α) is an isomorphism. Then the existence of f∗ : CrysG(Y, A)→ CrysG(X, A) holds by
[3, Theorem 2.2.3 (b)]. Any short exact sequence in CrysG(Y, A) is isomorphic to the image of a
short exact sequence 0→ F → G → H → 0 in CohGτ (Y, A). We have an exact sequence
L1f
∗H → f∗F → f∗G → f∗H → 0
in CohGτ (X, A). By Lemma 3.6, L1f
∗H ∈ NilCohGτ (X, A). Then
0→ f∗F → f∗G → f∗H → 0
is exact in CrysG(X, A). 
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3.2. Galois cohomology of G-modules of crystals. Let F = (F , τF ) ∈ CohGτ (X, A). For any
i ≥ 0, the i-th Galois cohomology Hi(G, F) of F is a coherent sheaf on X and τF induces a map
τHi(G,F) :
⊕
1≤n≪∞
(σnX)
∗Hi(G, F)⊗A→ Hi(G, F)⊗A.
Thus we get a coherent τ -sheaf Hi(G, F) = (Hi(G, F), τHi(G,F)) over A on X . So we get two
functors
Hi(G, •) : CohGτ (X, A)→ Cohτ (X, A);
Hi(G, •) : CrysG(X, A)→ Crys(X, A).
Theorem 3.8. For any morphism f : X → Y of k-schemes, we have a commutative diagram
CrysG(Y, A)
f∗
//
Hi(G, •)

CrysG(X, A)
Hi(G, •)

Crys(Y, A)
f∗
// Crys(X, A).
Proof. For any F ∈ CohGτ (Y, A), let Ci(G, F) be the sheaf of sets of all maps from Gi to F . Then
Ci(G, F) is a coherent sheaf on X . Define
di : C
i(G, F)→ Ci+1(G, F)
by
(dif)(g1, . . . , gi+1)
= g1f(g2, . . . , gi+1) +
i∑
j=1
f(g1, . . . , gj−1, gjgj+1, gj+2, . . . , gi+1) + (−1)i+1f(g1, . . . , gi)
for any f ∈ Ci(G, F) and (g1, . . . , gi+1) ∈ Gi+1. By the definition of Galois cohomology, Hi(G, F)
is the i-th homology group of the complex
0→ C0(G, F) d0−→ C1(G, F)→ · · · → Ci(G, F) di−→ Ci+1(G, F)→ · · · .
Then
Hi(G, F) = HiC•(G,F) and Hi(G, F) = HiC•(G, F).
By Lemma 3.7, we have
f∗Hi(G, F) = f∗HiC•(G, F) ≃ Hif∗C•(G, F) = HiC•(G, f∗F) = Hi(G, f∗F) ∈ Crys(X, A).

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3.3. Direct image for proper morphisms. Let f : X → Y be a proper morphism and let
i ≥ 0. For any F ∈ Cohτ (X, A), denote by Rif∗F the coherent sheaf Rif∗F on X together with
the homomorphism
τRif∗F :
⊕
1≤n≪∞
(σnY )
∗Rif∗F ⊗A→ Rif∗F ⊗A
induced by τF . If F is a G-module in Cohτ (X, A), then Rif∗F is a G-module in Cohτ (Y, A).
Theorem 3.9. Let F = (F , τF ) ∈ Cohτ (X, A). For any cartesian diagram
X ′
g′
//
f ′

X
f

Y ′
g
// Y,
(3.1)
of k-schemes, the natural homomorphism
g∗Rif∗F → Rif ′∗g′∗F
is a nil-isomorphism in Cohτ (Y
′, A).
Proof. Factors g = hι with a closed immersion ι and a flat morphism h. Consider the cartesian
diagram
X ′
ι′
//
f ′

X ′′
f ′′

h′
// X
f

Y ′
ι
// Y ′′
h
// Y.
By flat base change theorem, we have a natural isomorphism of OY ′′-modules
h∗Rif∗F ≃ Rif ′′∗ h′∗F .
So we get a natural isomorphism
h∗Rif∗F ≃ Rif ′′∗ h′∗F
in Cohτ (Y
′′, A). The natural homomorphism g∗Rif∗F → Rif ′∗g′∗F is the composite
g∗Rif∗F ≃ ι∗h∗Rif∗F ≃ ι∗Rif ′′∗ (h′∗F)→ Rif ′∗ι′∗(h′∗F) ≃ Rif ′∗g′∗F .
Then we may assume that g is a closed immersion defined by an ideal I of OY . For any n ≥ 0, let
Fn = F/In+1F . It remains to show the natural homomorphism
Rif∗F ⊗OY OY /I → Rif ′∗F0 = Rif∗F0
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is a nil-isomorphism in Cohτ (Y
′, A). By [5, Theorem 4.1.5 ], we have an isomorphism
lim←−
n
(Rif∗F ⊗OY OY /In+1) ≃ lim←−
n
Rif∗Fn.
Then we have a natural isomorphism
Rif∗F ⊗OY OY /I ≃ (lim←−
n
Rif∗Fn)⊗OY OY /I.
It remains to show that the natural map
α : (lim←−
n
Rif∗Fn)⊗OY OY /I → Rif∗F0
is a nil-isomorphism. By [5, Theorem 4.1.5 ], {Rif∗Fn}n≥0 satisfies the Mittag-Leffler condition,
thus
im
(
lim←−
n
Rif∗Fn → Rif∗F0
)
= im
(
Rif∗Fm → Rif∗F0
)
for m≫ 0.
Since Fm → F0 is a nil-isomorphism, so is Rif∗Fm → Rif∗F0. Then for m≫ 0,
cok(α) = cok
(
lim←−
n
Rif∗Fn → Rif∗F0
)
= cok
(
Rif∗Fm → Rif∗F0
)
is nilpotent. Let
Km = ker
(
Rif∗F → Rif∗Fm
)
.
Also by [5, Theorem 4.1.5 ], {Km}m≥0 is an I-stable filtration of Rif∗F . There exists m0 ∈ N
such that Km = Im−m0Km0 for any m ≥ m0. Then Km = Im−m0Km0 ⊂ IK0 for m > m0. Define
a filtration {Gm}m≥0 of K0/IK0 by Gm = IK0 + Km/IK0. Then Gm = 0 for m > m0. The short
exact sequence
0→ Im+1F → F → Fm → 0
shows that
Km = ker
(
Rif∗F → Rif∗Fm
)
= im
(
Rif∗Im+1F → Rif∗Fm
)
.
Then for any m ≥ 0, we have
τRif∗F
( ⊕
1≤n≪∞
(σnY )
∗Km ⊗A
)
⊂ Km+1 ⊗A.
Thus K0/IK0 ∈ NilCohτ (Y ′, A). The natural map
K0 = ker
(
Rif∗F → Rif∗F0
)
→ ker
(
Rif∗F ⊗OY OY /I α−→ Rif∗F0
)
is surjective, so is K0/IK0 → ker(α). This proves ker(α) is nilpotent, which completes the proof.

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Corollary 3.10. Keep assumptions of Theorem 3.9. We have a homomorphism
Rf∗ : K0(Crys
G(X, A))→ K0(CrysG(Y, A)), [F ] 7→
∑
i
(−1)i[Rif∗F ]
of abelian groups and a commutative diagram
K0(Crys
G(X, A))
Rf∗
//
g′∗

K0(Crys
G(Y, A))
g∗

K0(Crys
G(X ′, A))
Rf ′∗
// K0(Crys
G(Y ′, A)).
3.4. Extension by zero and proper base change.
Lemma 3.11. Let j : U → X be an open immersion. Then the functor j∗ : CrysG(X, A) →
CrysG(U, A) has a left adjoint functor j! : Crys
G(U, A)→ CrysG(X, A).
Proof. By [3, Proposition 4.5.7 ], j∗ : Crys(X, A) → Crys(U, A) has a left adjoint functor
j! : Crys(U, A) → Crys(X, A). By [8, Proposition 5.2 ], CrysG(U, A) and CrysG(X, A) are
equivalent to the categories of G-modules in Crys(U, A) and Crys(X, A), respectively. Then
j! : Crys(U, A) → Crys(X, A) defines a functor j! : CrysG(U, A) → CrysG(X, A) which is left
adjoint to j∗ : CrysG(X, A)→ CrysG(U, A). 
Theorem 3.12. Let f : X → Y be a morphism of k-schemes. Then we can find a proper morphism
f¯ : X → Y and an open immersion j : X → X such that f = f¯ ◦ j. Define Rf! to be the composite
K0(Crys
G(X, A))
j!−→ K0(CrysG(X, A)) Rf¯∗−−→ K0(CrysG(Y, A)).
(1) The functor Rf! does not depend on the choice of f¯ and j. Consider diagram (3.1). We have
a commutative diagram
K0(Crys
G(X, A))
Rf!
//
g′∗

K0(Crys
G(Y, A))
g∗

K0(Crys
G(X ′, A))
Rf ′!
// K0(Crys
G(Y ′, A)).
(2) For any morphism g : Y → Z of k-schemes, we have a commutative diagram
K0(Crys
G(X, A))
Rf!
//
R(gf)!
))❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
K0(Crys
G(Y, A))
Rg!

K0(Crys
G(Z, A)).
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3.5. Trace formula for L-functions. In this subsection, G is assumed to be a finite abelian
group of order prime to p.
Definition 3.13. Let x = Spec k′ for a finite field extension k′/k. Any G-module F = (F , τF )
in Cohτ (x, A) consisting of a finitely generated k
′[G]-module F together with an n-th Forbenius
operator τn : F ⊗k A→ F ⊗k A over A on k′ for finitely many positive integers n. The L-function
of F ∈ CohGτ (x, A) is defined to be
LG(x, F , t) = detA[G][t]
(
1−
∑
1≤n≪∞
tnτn, F ⊗k A[t]
)−1
∈ 1 + tA[G][[t]].
Definition 3.14. Let F be a G-module in Cohτ (X, A) for a k-schemeX . For any closed point x of
X , let ix : Specκ(x)→ X be the closed immersion defined by x. By Theorem 2.5, LG(x, i∗xF , t) ∈
1 + td(x)A[G][[td(x)]] where d(x) = [κ(x) : k]. Then the product
∏
x∈|X|L
G(x, i∗xF , t) converges in
1 + tA[G][[t]]. Define the L-function of F ∈ Cohτ (X, A) by
LG(X, F , t) =
∏
x∈|X|
LG(x, i∗xF , t) ∈ 1 + tA[G][[t]].
We have LG(X, F , t) = 1 for any F ∈ NilCohGτ (X, A). The set 1 + tA[G][[t]] is an abelian
group via the multiplication. Then we get a homomorphism of abelian groups
LG(X, •, t) : K0(CrysG(X, A))→ 1 + tA[G][[t]], [F ] 7→ LG(X, F , t).
In the remainder of this section, we prove the trace formula of equivariant L-functions.
Theorem 3.15. Let f : X → Y be a morphism of k-schemes. We have a commutative diagram
of abelian groups
K0(Crys
G(X, A))
Rf!
//
LG(X, •, t)
))❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
K0(Crys
G(Y, A))
LG(Y, •, t)

1 + tA[G][[t]].
Proof. It suffices to show for any F ∈ CohGτ (X, A),
LG(Y, Rf!F , t) = LG(X, F , t).
By Lemma 2.1, there is a coherent OX [G]-module G such that F [G] ≃ F ⊕ G. Let G = (G, 0) ∈
CohGτ (X, A). Then L
G(X, F , t) = LG(X, F ⊕ G, t). Let τ be the composite⊕
1≤n≪∞
(σnX)
∗F ⊗A[G] =
⊕
1≤n≪∞
(σnX)
∗F [G]⊗A τF⊕0−−−→ F [G]⊗A = F ⊗A[G].
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Then (F , τ) is a coherent τ -sheaf over A[G] on X . By Lemma 2.1 (2),
L(X, (F , τ), t) = LG(X, F ⊕ G, t) = LG(X, F , t).
So we may assume that G = {1}. 
(1) Let 0→ F ′ → F → F ′′ → 0 be a short exact sequence in Cohτ (X, A). If the theorem holds
for F ′ and F ′′, so does it for F .
(2) Let j : U → X be an open immersion with complement i : Z → X . Suppose the theorem
holds for fj and fi. Then
L(X, F , t) = L(U, j∗F , t)L(Z, i∗F , t) = L(Y, R(fj)!j∗F , t)L(Y, R(fi)!i∗F , t) = L(Y, Rf!F , t).
(3) Suppose f = gh and the theorem holds for g and h. Then the theorem holds for f .
(4) For any closed point y ∈ Y , consider the cartesian diagram
Xy
fy
//
ιy

y
iy

X
f
// Y.
Suppose L(Xy, ι
∗
yF , t) = L(y, R(fy)!ι∗yF , t) for any y ∈ |Y |. Since |X | =
∐
y∈|Y | |Xy|, then by
Theorem 3.12 (1), we have
L(X, F , t) =
∏
y∈|Y |
L(Xy, ι
∗
yF , t) =
∏
y∈|Y |
L(y, R(fy)!ι
∗
yF , t) =
∏
y∈|Y |
L(y, i∗yRf!F , t) = L(Y, Rf!F , t).
(5) The theorem holds for any finite morphism f . In fact, we may assume Y = Spec k′ for a
finite field extension k′/k and X is a finite k-scheme by (4). By (2), we may assumeX is connected.
Let i : Xred → X be the reduced subscheme of X . Then F ≃ i∗i∗F ∈ Crys(X, A). So we may
assume that X is reduced. Then X = Spec k′′ for a finite field extension k′′/k′. By Definition 3.13,
L(Spec k′′, F , t) = L(Spec k′, f∗F , t).
Let f be a general morphism. By (4) and (2), we may assume that X is affine and Y = Spec k′
for some finite field extension k′/k. Choose a closed immersion i : X → Ank′ . Then f : X → Spec k′
factors as X
i−→ Ank′ ։ An−1k′ ։ · · · ։ Spec k′. By (3), we may assume f is the projection
Amk′ ։ A
m−1
k′ . By (4), we may assume that f is the structure morphism A
1
k′′ → Spec k′′ for a finite
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field extension k′′/k′. We have a cartesian diagram
A1k′′
pi
//
f

A1k
g

Spec k′′
p
// Spec k.
Apply (5) to the finite morphisms π and p and by Theorem 3.12 (2), we have L(A1k′′ , F , t) =
L(A1k, π∗F , t) and L(Spec k′′, Rf!F , t) = L(Spec k, p∗Rf!F , t) = L(Spec k, Rg!π∗F , t). Then we
may assume that f is the structure morphism A1k → Spec k. Let F0 be the torsion part of F . We
have τF
(⊕
1≤n≪∞(σ
n
X)
∗F0 ⊗ A
)
⊂ F0 ⊗ A. Then we get a subobject F0 of F supported on a
finite closed subscheme i : Z → A1k. Then fi is finite and F0 = i∗i∗F0. By (5), we have
L(X, F0, t) = L(Z, i∗F0, t) = L(Spec k, (fi)∗i∗F0, t) = L(Spec k,Rf!i∗i∗F0, t) = L(Spec k, Rf!F0, t).
Applying (1) to the short exact sequence 0 → F0 → F → F/F0 → 0, we may assume that F is
torsion free over OA1k and then F ≃ O
⊕r
A1k
for some r. Let j : A1k →֒ P1k be the inclusion and f¯ the
structure morphism P1k → Spec k. Then τj∗F
(⊕
1≤n≪∞(σ
n
P1k
)∗O⊕r
P1k
(−d∞)⊗A
)
⊂ O⊕r
P1k
(−d∞)⊗A
for d ≫ 0. Then j!F is represented by (OrP1k(−d∞), τO⊕rP1
k
(−d∞)) for d ≫ 0, where τO⊕r
P1
k
(−d∞) :⊕
1≤n≪∞(σ
n
P1k
)∗O⊕r
P1
k
(−d∞)⊗A→ O⊕r
P1
k
(−d∞)⊗A is induced by τj∗F . For d≫ 0,
R0f¯∗O⊕rP1
k
(−d∞) = 0 and R1f¯∗j!F =
(
H1(P1k, O⊕rP1
k
(−d∞)), τR1 f¯∗O⊕r
P1
k
(−d∞)
)
.
By Serre duality, we have
H1(P1k, O⊕rP1k (−d∞)) = Homk
(
H0(P1k, Ω
1
P1k/k
(d∞))⊕r , k
)
.
Then τR1f¯∗O⊕r
P1
k
(−d∞) induces a family of operators {Cn}n≥1 on H0(P1k, Ω1P1k/k(d∞))
⊕r ⊗A. By
lim−→
d
H0(P1k, Ω
1
P1k/k
(d∞))⊕r = HomO
A1
k
(O⊕r
A1k
, Ω1
A1k/k
),
Cn induces an n-th Cartier operator on HomO
A1
k
(O⊕r
A1k
, Ω1
A1k/k
)⊗A which coincides with the Cartier
operator defined in Theorem 2.5. Moreover, H0(P1k, Ω
1
P1k/k
(d∞))⊕r is a common nucleus for
{Cn}n≥1 on HomO
A1
k
(O⊕r
A1k
, Ω1
A1k/k
)⊗A for d≫ 0. By Theorem 2.5, we have
L(A1k, F , t) = detA[t]
(
1−
∑
1≤n≪∞
tnCn, H
0(P1k, Ω
1
P1k/k
(d∞))⊕r ⊗A[t]
)
= detA[t]
(
1−
∑
1≤n≪∞
tnτn, H
1(P1k, O⊕rP1k (−d∞))⊗A[t]
)
= L(Spec k, Rf!F , t).
This completes the proof.
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3.6. Another type of L-functions.
Definition 3.16. (1) A coherent τ˜ -sheaf over A on X is a pair (F , τ˜F ) consisting of a coherent
OX -module F and an OX ⊗A-linear homomorphism
τ˜F :
⊕
0≤n≪∞
(σnX)
∗F ⊗A→ F ⊗A.
Then a coherent τ˜ -sheaf (F , τ˜F ) over A on X is a coherent τ -sheaf (F , τF ) over A on X together
with τ0 ∈ EndOX⊗A(F ⊗A), where τF :
⊕
1≤n≪∞(σ
n
X)
∗F ⊗A→ F ⊗A is truncated by τ˜F .
(2) A coherent τ˜ -sheaf over A on X is called nilpotent if the associated τ -sheaf is nilpotent.
(3) Let CohGτ˜ (X, A) (resp. NilCoh
G
τ˜ (X, A)) be the category of G-modules in the category of
coherent (resp. nilpotent) τ˜ -sheaves over A on X . Let C˜rys
G
(X, A) =
CohGτ˜ (X,A)
NilCohG
τ˜
(X,A)
.
Definition 3.17. Suppose G is a finite abelian group of order prime to p.
(1) Let x = spec k′ for a finite field extension k′/k. Any (F , τ˜F ) ∈ CohGτ˜ (x, A) consists of an
n-th Frobenius operator τn on F ⊗k A over A on k′ for finitely many n ∈ N. Define
LG(x, (F , τ˜F ), t) =
detA[G][[t−1]]
(
1− t−1τ0, F ⊗k A[[t−1]]
)
detA[G][[t−1]]
(
1− t−1∑0≤n≪∞ τn, F ⊗k A[[t−1]]) ∈ 1 + t
−1A[G][[t−1]].
(2) For any (F , τ˜F ) ∈ CohGτ˜ (X, A), define
LG(X, (F , τ˜F ), t) =
∏
x∈|X|
LG(x, i∗x(F , τ˜F ), t).
Lemma 3.18. Suppose G is an abelian group of order prime to p. We get a homomorphism of
abelian groups
LG(X, •, t) : K0(C˜rys
G
(X, A))→ 1 + t−1A[G][[t−1]], [(F , τ˜F )] 7→ LG(X, (F , τ˜F ), t).
4. v-adic L-values of shtukas on curves
In [6], Lafforgue studied the v-adic L-values of shtukas on curves. In this section, we generalize it
to an equivariant version. Let G be a finite abelian group of order prime to p. Let X be a smooth
projective curve and T = Spec A a smooth affine curve over k. Let i : E → E ′ be a morphism of
G-bundles on X × T such that i is isomorphic at the generic point. Let r be a positive integer.
For any 1 ≤ s ≤ r, let τs : E → E ′ be an s-th Frobenius map over A on X .
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Let Z(det(i)) be the zeros of det(i) in X×T . Fix v ∈ |T | such that Z(det(i))∩X×{v} is finite.
Take a finite subset S of |X | such that S × {v} ⊃ Z(det(i)) ∩X × {v}. Let Av be the completion
of A at v and choose a uniformizer of Av which is also denoted by v. For any x ∈ |X | − S, let
ix, (τ1)x, . . . , (τr)x : Ex → E ′x be the restriction of i, τ1, . . . , τr on Spec k(x) ⊗k Av, respectively.
Then ix : Ex → E ′x is isomorphic for any x ∈ |X | − S.
Lemma 4.1. Define the v-adic G-equivariant L-function away from S of the diagram E i−→
E ′ j=(τ1,...,τr)←−−−−−−−− E to be
LGv (X − S, (E , E ′, i, j), T ) =
∏
x∈|X|−S
detAv[G]
(
1−
r∑
s=1
T si−1x (τs)x, Ex
)−1
∈ 1 + TAv[G][[T ]].
Then LGv (X − S, (E , E ′, i, j), T ) ∈ 1 + TAv[G]〈〈T 〉〉.
Proof. For any n ≥ 1, let in, x, (τ1)n, x, . . . , (τr)n, x : En, x → E ′n, x be the restriction of i, τ1, . . . , τr
on Spec k(x)⊗k A/vn, respectively. If x ∈ |X | −S, then in, x is an isomorphism. By Definition 2.4
and Theorem 2.5, we have
∏
x∈|X|−S
detA/vn[G]
(
1−
r∑
s=1
T si−1n, x(τs)n, x, En, x
)−1
∈ 1 + TA/vn[G][T ].
This proves the lemma. 
Definition 4.2. We have
LGv (X − S, (E , E ′, i, j), T ) = (1− T )sg(T )
for some s ∈ N and g(T ) ∈ 1+TAv[G]〈〈T 〉〉 such that 0 6= g(1) ∈ Av[G]. The G-equivariant v-adic
L-value LGv (X − S, (E , E ′, i, j)) of the diagram (E , E ′, i, j) away from S is defined to be g(1).
Suppose X − S = Spec RS . Let M and M′ be the RS⊗̂Av-modules defined by E and E ′. For
any w ∈ S, let Ow be the complete local ring of X at w. LetMw andM′w be the Ow⊗̂Av-modules
defined by E and E ′. Let V = HomRS⊗̂Av (M,Ω1RS/k⊗̂Av) and V ′ = HomRS⊗̂Av(M′,Ω1RS/k⊗̂Av).
Let j˜ =
∑r
s=1 τs. We have two commutative diagrams in the derived category of Av[G]-modules
(4.1) RΓ(X, E)⊗A Av //
i

i−j˜

⊕
w∈SMw //
i

i−j˜

HomAv (V , Av)
i

i−j˜

RΓ(X, E ′)⊗A Av //
⊕
w∈SM′w // HomAv (V ′, Av),
22 JIANGXUE FANG
one with the left arrows and one with the right arrows. Here the morphism
⊕
w∈SMw →
HomAv(V , Av) (resp.
⊕
w∈SM′w → HomAv (V ′, Av)) associates each (fw) ∈
⊕Mw and g ∈ V
(resp. (fw) ∈
⊕M′w and g ∈ V ′) to the sum of residue of 〈g, fw〉 at w.
Lemma 4.3. Suppose for any w ∈ S, there exists two Av[G]-linear isomorphisms exp :Mw ≃Mw
and exp :M′w ≃M′w which satisfy the following three conditions.
(1) exp ◦i = i− j˜ ◦ exp :Mw →M′w.
(2) For any t ∈ N, exp(wtMw) = wtMw, exp(wtM′w) = wtM′w, (exp−id)(wtMw) ⊂
wt+1Mw and (exp−id)(wtM′w) ⊂ wt+1M′w.
(3) For any s ∈ N, (exp−id)(wtMw) ⊂ wt+sMw and (exp−id)(wtM′w) ⊂ wt+sM′w for t
large enough.
Let log : Mw ≃ Mw and log : M′w ≃ M′w be the inverse maps of exp. Let
⊕
w∈SM′w
pi−→ C
be the cokernel of
⊕
w∈SMw
i−→ ⊕w∈SM′w. Denote by ι the natural map RΓ(X, E ′) ⊗A Av →⊕
w∈SM′w. Suppose i − j˜ : HomAv (V , Av) → HomAv (V ′, Av) is an isomorphism. Then we have
a commutative diagram
RΓ(X, E)⊗A Av //
i

i−j˜

⊕
w∈SMw //
i

i−j˜

HomAv(V , Av)
i

i−j˜

RΓ(X, E ′)⊗A Av ι //
piι

pi log ι

⊕
w∈SM′w //
pi

pi log

HomAv (V ′, Av)
C C
,(4.2)
whose four vertical triangles are distinguished. Let δ be the composite
detAv[G](C) ≃ detAv[G]
(
RΓ(X, E)⊗A Av
)−1⊗
detAv [G]
(
RΓ(X, E ′)⊗A Av
)
≃ detAv [G](C),
where the first and the second isomorphism are given by the first and the second vertical distin-
guished triangles of diagram (4.2), respectively. We have
LGv (X − S, (E , E ′, i, j)) = [δ : 1] ∈ Av[G]×.
Proof. This lemma is an equivariant version of [4, Lemma 2.5 ] and the proof is highly similar to
that of [4, Lemma 2.5 ] by using the main results established in section 2 and section 3. 
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5. Proofs of Theorem 1.11 and Theorem 1.13
Recall that K is a finite extension of k(t) and L/K is a finite Galois extension of Galois group G.
Let K∞ = K⊗k(t) k((t−1)) and L∞ = L⊗k(t) k((t−1)). Let X and X˜ be the projective curves over
k of function fields K and L, respectively. Let O∞ = OX⊗O
P1
k
k[[t−1]] and O˜∞ = OX˜⊗OP1
k
k[[t−1]].
Let E be an abelian t-module over OK of dimension n defined by
E(t) = A0 +A1τ + . . . Arτ
r ∈Mn(OK){τ}
such that (A0 − zIn)n = 0 where z is the image of t in OK .
In this section, we mainly study the special L-value L(E, ρ) for a finite dimensional F -linear
representation ρ : G → GLF (V ). If G is an abelian group of order prime to p, we also study the
equivariant special L-value L(E, G).
For any coherent sheaf F on a P1k-scheme Z and any d ∈ Z, let F(d∞) = F ⊗OZ OP1k(d∞)|Z .
View OX˜ as a vector bundle on X . Since O∞ is flat over OX and K∞ is flat over OK , we have
Homk[G](V, OnX˜(−d∞))⊗OX O∞ ≃ Homk[G](V, OnX˜(−d∞)⊗OX O∞) ≃ Homk[G](V, z−dO˜n∞);
Homk[G](V, OnL)⊗OK K∞ = Homk[G](V, OnL ⊗OK K∞) = Homk[G](V, Ln∞).
Since Homk[G](V, OnL) is a flat OK-module, we have
Homk[G](V, OnL)⊗OK
K∞
OK =
Homk[G](V, L
n
∞)
Homk[G](V, OnL)
.
Let Eρ = Homk[G](V, OnX˜(−d∞)) and EG = OnX˜(−d∞). Then Eρ is a vector bundle onX and EG
is a G-bundle on X . For any k-algebra R, let Rρ = F ⊗k R and RG = R[G]. For any k[G]-module
M , let Mρ = Homk[G](V, M) and MG = M .
Let ∗ = ρ or G. Then we have E∗ ⊗OX O∞ = (z−dO˜n∞)∗ and
Γ(SpecOK , E∗)⊗OK
K∞
OK = (O
n
L)∗ ⊗OK
K∞
OK =
(Ln∞)∗
(OnL)∗
.
For any vector bundle E on X , we have a distinguished triangle of complexes of k-modules
RΓ(X, E)→ E ⊗OX O∞ → Γ(SpecOK , E)⊗OK
K∞
OK .
In particular, for ∗ = ρ or G, we have a distinguished triangle
RΓ(X, E∗)→ (z−dO˜n∞)∗ →
(Ln∞)∗
(OnL)∗
.
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Choose e ∈ N such that A0 ∈ Mn(Γ(X,OX(e∞))). Then e ≥ 1. We get two k[G]-linear maps
1−t−1A0 and 1−t−1
∑r
s=0 Asτ
s : On
X˜
(−d∞)((t−1))→ On
X˜
((e−d)∞)((t−1)) and z−dO˜n∞((t−1))→
ze−dO˜n∞((t−1)). By [4, section 3], expE defines a k[G]-linear automorphism of z−dO˜n∞ and ze−dO˜n∞
for d≫ 0. It induces a k((t−1))∗-linear automorphism on (z−dO˜n∞)∗((t−1)) and (ze−dO˜n∞)∗((t−1))
for d≫ 0 which is also denoted by expE . For d≫ 0, we have
expE ◦(1− t−1A0) = (1− t−1
r∑
s=0
Asτ
s) ◦ expE : (z−dO˜n∞)∗((t−1))→ (ze−dO˜n∞)∗((t−1)).
For any s ∈ N, (expE −id)((z−dO˜n∞)∗) ⊂ (z−d−sO˜n∞)∗ for d ≫ 0. Let logE be the inverse map of
expE on (z
−dO˜n∞)∗((t−1)) and (ze−dO˜n∞)∗((t−1)).
Let (ze−dO˜n∞)∗((t−1)) pi−→ C be the cokernel of (z−dO˜n∞)∗((t−1)) 1−t
−1A0−−−−−−→ (ze−dO˜n∞)∗((t−1)).
Then (ze−dO˜n∞)∗((t−1))
pi logE−−−−→ C is the cokernel of (z−dO˜n∞)∗((t−1))
1−t−1
∑r
s=0Asτ
s
−−−−−−−−−−−→ (ze−dO˜n∞)∗((t−1)).
Since 1 − t−1A0 and 1 − t−1
∑r
s=0Asτ
s on
(Ln∞)∗
(OnL)∗
((t−1)) are isomorphic, we have a commutative
diagram
RΓ(X, E∗)((t−1)) //
1−t−1A0

1−t−1
∑r
s=0 Asτ
s

(z−dO˜n∞)∗((t−1)) //
1−t−1A0

1−t−1
∑r
s=0 Asτ
s

(Ln∞)∗
(OnL)∗
((t−1))
1−t−1A0

1−t−1
∑r
s=0Asτ
s

RΓ(X, E∗(e∞))((t−1)) ι //
piι

pi logE ι

(ze−dO˜n∞)∗((t−1)) //
pi

pi logE

(Ln∞)∗
(OnL)∗
((t−1))
C C,
(5.1)
whose four vertical triangles are distinguished.
Lemma 5.1. For d≫ 0, we have two distinguished triangles
RΓ(X, E∗)((t−1)) t−A0−−−→ RΓ
(
X, E∗(e∞)
)
((t−1))
piι−→ C;(5.2)
RΓ(X, E∗)((t−1)) t−
∑r
s=0Asτ
s
−−−−−−−−−→ RΓ(X, E∗(e∞))((t−1)) pi logE ι−−−−−→ C.(5.3)
Then L(E, ∗) = [δ1 : 1] where δ1 is the composite
detk((t−1))∗(C) ≃ detk((t−1))∗
(
RΓ(X, E∗)((t−1))
)−1⊗
detk((t−1))∗
(
RΓ
(
X, E∗(e∞)
)
((t−1))
)
≃ detk((t−1))∗(C)
where the first and the second isomorphisms are defined by (5.2) and (5.3), respectively.
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Proof. For d≫ 0, we easily get [δ1 : 1] = [δ2 : 1] ∈ k((t−1))∗, where δ2 is the composite
detk((t−1))∗(C) ≃ detk((t−1))∗
(
RΓ(X, E∗)((t−1))
)−1⊗
detk((t−1))∗
(
RΓ
(
X, E∗(e∞)
)
((t−1))
)
≃ detk((t−1))∗(C),
where the first and the second isomorphisms are defined by the first and the second vertical triangles
of diagram (5.1), respectively. Applying Theorem 3.8 to the τ˜ -sheaf (Homk(V, OnL), A0, A1τ, . . . , Arτr) ∈
CohGτ˜ (Spec OK , F ), we have
Homk[G](V, OnL)⊗OK OK/p ≃ Homk[G](V, OnL/pOnL) ∈ C˜rys(Spec κp, F ).(5.4)
For d≫ 0, the diagram
E∗[t−1] 1−t
−1A0−−−−−−→ E∗(e∞)[t−1] t
−1A1τ,...,t
−1Arτ
r
←−−−−−−−−−−−− E∗[t−1]
satisfies the assumptions of Lemma 4.3 at the prime ideal of k[t−1] generated by t−1. By Lemma
4.3, we have
[δ2 : 1]
=
∏
p∈Max(OK)
detk[[t−1]]∗
(
1− (1 − t−1A0)−1
r∑
s=1
t−1Asτ
s, (OnL)∗ ⊗OK OK/p[[t−1]]
)−1
=
∏
p∈Max(OK)
detk[[t−1]]∗
(
1− t−1A0, (OnL)∗ ⊗OK OK/p[[t−1]]
)
detk[[t−1]]∗
(
1− t−1∑rs=0Asτs, (OnL)∗ ⊗OK OK/p[[t−1]])
=
∏
p∈Max(OK)
detk[[t−1]]∗
(
1− t−1A0, (OnL/pOnL)∗[[t−1]]
)
detk[[t−1]]∗
(
1− t−1∑rs=0Asτs, (OnL/pOnL)∗[[t−1]])
=
∏
p∈Max(OK)
detk[t]∗
(
t−A0, (OnL/pOnL)∗[t]
)
detk[t]∗
(
t−∑rs=0 Asτs, (OnL/pOnL)∗[t])
=
∏
p∈Max(OK)
|Lie(E)(OL/pOL)∗|k[t]∗
|E(OL/pOL)∗|k[t]∗
= L(E, ∗) ∈ 1 + t−1k[[t−1]]∗,
where the third equality holds by applying Lemma 3.18 to (5.4). 
By [4, Lemma 1.7 ], the surjective k[t]-linear map
ze−dO˜n∞((t−1))→ Lie(E)(L∞),
∑
s≪+∞
xst
s 7→
∑
s≪+∞
As0(xs)
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induces a k((t−1))∗-linear map
q : (ze−dO˜n∞)∗((t−1))→ Lie(E)(L∞)∗.
Let f˜ ∈ Homk[G](V, Lie(E)(L∞)). Since V is a finite set, then z−sqn f˜(V ) ⊂ ze−dO˜n∞ for s ≫ 0.
Define f : V → ze−dO˜n∞((t−1)), v 7→ z−sq
n
f˜(v)tsq
n
. The fact Aq
n
0 = z
qn shows q(f) = f˜ and
hence q is surjective for ∗ = ρ. Actually, the composite (ze−dO˜n∞)∗[t] →֒ (ze−dO˜n∞)∗((t−1))
q−→
Lie(E)(L∞)∗ is also surjective. By the exact sequence
(z−dO˜n∞)∗((t−1)) 1−t
−1A0−−−−−−→ (ze−dO˜n∞)∗((t−1)) pi−→ C → 0
and q◦(1−t−1A0) = 0, q factors as (ze−dO˜n∞)∗((t−1)) pi−→ C
p−→ Lie(E)(L∞)∗. Let (ze−dO˜n∞)∗[t] pi1−→
D be the cokernel of (z−dO˜n∞)∗[t] t−A0−−−→ (ze−dO˜n∞)∗[t]. For d ≫ 0, automorphisms logE on
z−dO˜n∞[t] and ze−dO˜n∞[t] induce
logE ◦(t−
r∑
s=0
Asτ
s) = (t−A0) ◦ logE : (z−dO˜n∞)∗[t]→ (ze−dO˜n∞)∗[t].
Then (ze−dO˜n∞)∗[t]
pi1 logE−−−−−→ D is the cokernel of (z−dO˜n∞)∗[t]
t−
∑r
s=0Asτ
s
−−−−−−−−−→ (ze−dO˜n∞)∗[t]. There
exists a unique k[t]∗-linear map η : D → C such that the following diagram commutes:
(z−dO˜n∞)∗[t]
t−A0
//

(ze−dO˜n∞)∗[t]
pi1
//

D
η

pη
// Lie(E)(L∞)∗
(z−dO˜n∞)∗((t−1))
t−A0
// (ze−dO˜n∞)∗((t−1)) pi // C
p
// Lie(E)(L∞)∗.
We have shown that pηπ1 is surjective and so are pη and p. By [4, Lemma 3.2 ], we have two
short exact sequences
0→ (L
n
∞)∗
(OnL)∗
[t]
t−A0−−−→ (L
n
∞)∗
(OnL)∗
[t] −→ Lie(E)(L∞)∗
Lie(E)(OL)∗ → 0;
0→ (L
n
∞)∗
(OnL)∗
[t]
t−
∑r
s=0Asτ
s
−−−−−−−−−→ (L
n
∞)∗
(OnL)∗
[t] −→ E(L∞)∗
E(OL)∗ → 0
Let p¯ be the natural map Lie(E)(L∞)∗ → Lie(E)(L∞)∗Lie(E)(OL)∗ and expE : Lie(E)(L∞)∗ →
E(L∞)∗
E(OL)∗
the map
induced by expE : Lie(E)(L∞)→ E(L∞). By the commutative diagram
RΓ(X, E∗)[t] //
t−A0

t−
∑r
s=0Asτ
s

(z−dO˜n∞)∗[t] //
t−A0

t−
∑r
s=0Asτ
s

(Ln∞)∗
(OnL)∗
[t]
t−A0

t−
∑r
s=0Asτ
s

RΓ(X, E∗(e∞))[t] ι // (ze−dO˜n∞)∗[t] // (L
n
∞)∗
(OnL)∗
[t],
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we get two quasi-isomorphisms
RΓ
(
X, E∗[t] t−A0−−−→ E∗(e∞)[t]
)
[1] ≃
(
D
p¯pη−−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
;(5.5)
RΓ
(
X, E∗[t] t−
∑r
s=0Asτ
s
−−−−−−−−−→ E∗(e∞)[t]
)
[1] ≃
(
D
expEpη−−−−−→ E(L∞)∗
E(OL)∗
)
.(5.6)
Since X is projective, then (5.5) and (5.6) show that
(
D
p¯pη−−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
and
(
D
expEpη−−−−−→ E(L∞)∗
E(OL)∗
)
∈ Dperf(k[t]∗).(5.7)
By (5.5) and (5.6), the composite
detk[t]∗
(
RΓ
(
X, E∗[t] t−A0−−−→ E∗(e∞)[t]
))−1
≃ detk[t]∗
(
RΓ
(
X, E∗[t]
))−1⊗
detk[t]∗
(
RΓ
(
X, E∗(e∞)[t]
))
≃ detk[t]∗
(
RΓ
(
X, E∗[t] t−
∑r
s=0Asτ
s
−−−−−−−−−→ E∗(e∞)[t]
))−1
defines an isomorphism
γ : detk[t]∗
(
D
p¯pη−−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
≃ detk[t]∗
(
D
expEpη−−−−−→ E(L∞)∗
E(OL)∗
)
.
By (5.2), (5.5), (5.3) and (5.6), we get two quasi-isomorphisms
g1 :
(
D
p¯pη−−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
⊗k[t]∗ k((t−1))∗ ≃ C;
g2 :
(
D
expEpη−−−−−→ E(L∞)∗
E(OL)∗
)
⊗k[t]∗ k((t−1))∗ ≃ C.
By Lemma 5.1, we have
L(E, ∗) = [det(g2) ◦ (γ ⊗ idk((t−1))∗) ◦ det(g1)−1 : 1] ∈ k((t−1))×∗ .(5.8)
Let K be the kernel of the surjective map D pη−→ Lie(E)(L∞)∗. We get two distinguished
triangles
K →
(
D
p¯pη−−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
→
(
Lie(E)(L∞)∗
p¯−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
(5.9)
K →
(
D
expEpη−−−−−→ E(L∞)∗
E(OL)∗
)
→
(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗
E(OL)∗
)
.(5.10)
in D(k[t]∗). Let L be the kernel of the surjective map C
p−→ Lie(E)(L∞)∗. We get a short exact
sequence
0→ L→ C p−→ Lie(E)(L∞)∗ → 0(5.11)
28 JIANGXUE FANG
of k((t−1))∗-modules. Then η : D → C induces a k[t]∗-linear map K → L and a k((t−1))∗-
linear map K ⊗k[t]∗ k((t−1))∗
f−→ L. The identity map of Lie(E)(L∞)∗ as k[t]∗-modules induces a
k((t−1))∗-linear map
Lie(E)(L∞)∗ ⊗k[t]∗ k((t−1))∗ → Lie(E)(L∞)∗
and two morphism of complexes
h1 :
(
Lie(E)(L∞)∗
p¯−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
⊗k[t]∗ k((t−1))∗ → Lie(E)(L∞)∗;
h2 :
(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗
E(OL)∗
)
⊗k[t]∗ k((t−1))∗ → Lie(E)(L∞)∗.
By [4], Lie(E)(OL) is a lattice of the finite dimensional k((t−1))-vector space Lie(E)(L∞). By the
flatness of k[t]→ k((t−1)), we have
Homk[G](V, Lie(E)(OL))⊗F [t] F ((t−1))
= Homk[G](V, Lie(E)(OL))⊗k[t] k((t−1))
= Homk[G]
(
V, Lie(E)(OL)⊗k[t] k((t−1))
)
= Homk[G](V, Lie(E)(L∞)).
This means that Homk[G](V, Lie(E)(OL)) is a lattice of the finite dimensional F ((t−1))-vector
space Homk[G](V, Lie(E)(L∞)). So Lie(E)(OL)∗ is a lattice of the k((t−1))∗-module Lie(E)(L∞)∗
for ∗ = ρ or G in the sense of Definition 1.10. Then h1 is a quasi-isomorphism by the fact(
Lie(E)(L∞)∗
p¯−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
≃ Lie(E)(OL)∗ ∈ Dperf(k[t]∗).
By (5.7) and (5.9), K ∈ Dperf(k[t]∗). By (5.7) and (5.10),(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗
E(OL)∗
)
∈ Dperf(k[t]∗).
Consider the natural morphism of triangles
(5.9)⊗k[t]∗ k((t−1))∗
(f,g1,h1)−−−−−−→ (5.11);(5.12)
(5.10)⊗k[t]∗ k((t−1))∗
(f,g2,h2)−−−−−−→ (5.11).(5.13)
Since g1 and h1 are quasi-isomorphisms, so is f . Since g2 is a quasi-isomorphism, so is h2. Distin-
guished triangles (5.9) and (5.10) and γ define an isomorphism
γ1 : detk[t]∗
(
Lie(E)(L∞)∗
p¯−→ Lie(E)(L∞)∗
Lie(E)(OL)∗
)
≃ detk[t]∗
(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗
E(OL)∗
)
.
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Applying [4, Lemma 3.1 ] to (5.12) and (5.13), we have
[det(g2)(γ ⊗ idk((t−1))∗) det(g1)−1 : 1] = [det(h2)(γ1 ⊗ idk((t−1))∗) det(h1)−1 : 1].(5.14)
We have
H0
(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗
E(OL)∗
)
= exp−1E (E(OL))∗;
H1
(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗
E(OL)∗
)
= H(E, ∗);
Hs
(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗
E(OL)∗
)
= 0, for s 6= 0, 1.
Since h2 is a quasi-isomorphism and
(
Lie(E)(L∞)∗
expE−−−→ E(L∞)∗E(OL)∗
)
is perfect, then exp−1E (E(OL))∗
is a lattice of Lie(E)(L∞)∗ and H(E, ∗) is a finite k[t]∗-module. Thus we get two lattices
Lie(E)(OL)∗ and exp−1E (E(OL))∗ of the k((t−1))∗-module Lie(E)(L∞)∗.
Fix an isomorphism γ2 : detk[t]∗
(
Lie(E)(OL)∗
)
≃ detk[t]∗
(
exp−1E (E(OL))∗
)
and γ3 : k[t]∗ ≃
detk[t]∗
(
H(E, ∗)
)
. By [4, Lemma 3.1] and an equivariant version of [4, Lemma 3.3 ], we have
[det(h2)(γ1 ⊗ idk((t−1))∗) det(h1)−1 : 1]
=
[det
(
H0(h2)
)
(γ2 ⊗ idk((t−1))∗) det
(
H0(h1)
)−1
: 1]
[det
(
H1(h2)
)
(γ3 ⊗ idk((t−1))∗) det
(
H1(h1)
)−1
: 1]
= [Lie(E)(OL)∗ : exp−1E (E(OL))∗]k((t−1))∗ · |H(E, ∗)|k[t]∗ ∈ k((t−1))×∗ /k×∗ .
Since L(E, ρ), [Lie(E)(OL)∗ : exp−1E (E(OL))∗]k((t−1))∗ and |H(E, ∗)|k[t]∗ are monic, then by (5.8)
and (5.14), we have
L(E, ∗) = [Lie(E)(OL)∗ : exp−1E (E(OL))∗]k((t−1))∗ · |H(E, ∗)|k[t]∗ ∈ k((t−1))×∗ .
Take ∗ = ρ or ∗ = G if G is an abelian group of order prime to p, we have
L(E, ρ) = [Homk[G](V, Lie(E)(OL)) : Homk[G](V, exp−1E (E(OL)))]F ((t−1)) · |H(E, ρ)|F [t];
L(E, G) = [Lie(E)(OL) : exp−1E (E(OL))]k((t−1))[G] · |H(E, G)|k[t][G].
This completes the proofs of Theorem 1.11 and Theorem 1.13 (1).
Lemma 5.2. For any k-module M and any finite F -module N , the trace map trF/k : F → k
induces trF/k ⊗ idM : F ⊗k M → k ⊗k M =M and a F -linear isomorphism
HomF (N, F ⊗k M) ≃ Homk(N, M); f 7→ trF/k ⊗ idM ◦ f.
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For any k[G]-moduleM and any finite F [G]-moduleN , the trace map trF/k induces an isomorphism
HomF [G](N, F ⊗k M) ≃ Homk[G](N, M).
Proof. Let 0 6= f ∈ HomF (N, F ). Then f is surjective. By the surjectivity of trF/k : F → k,
trF/k ◦ f : N → k is surjective. This proves the injectivity of HomF (N, F )
trF/k−−−→ Homk(N, k).
Both sides are F -vector spaces of the same dimension, then trF/k : HomF (N, F ) → Homk(N, k)
is an isomorphism of F -vector spaces. The lemma follows from the canonical isomorphisms
HomF (N, F )⊗F (F ⊗k M) ≃ HomF (N, F ⊗k M) and Homk(N, k)⊗k M ≃ Homk(N, M).

Lemma 5.3. Let N be a finite F [G]-module and let φ be a k[t][G]-linear endomorphism of a
finitely generated free k[t][G]-module M . Let φ∗ be the F [t]-linear endomorphism of the F [t]-
module Homk[G](N, M) induced by φ. Suppose G is an abelian group of order prime to p. We
have
detF [t]
(
φ∗,Homk[G](N, M)
)
= detF [t]
(
detk[t][G](φ, M), N [t]
)
.
Proof. By Lemma 5.2, we have
detF [t]
(
φ∗,Homk[G](N, M)
)
= detF [t]
(
(idF ⊗ φ)∗,HomF [G](N, F ⊗k M)
)
;
detF [t]
(
detk[t][G](φ, M), N [t]
)
= detF [t]
(
detF [t][G](idF ⊗ φ, F ⊗k M), N [t]
)
.
So we may assume that F = k which is algebraically closed. For any character χ : G → k×, set
eχ =
∑
g∈G
1
|G|χ(g)
−1g ∈ k[G]. Then eχ is an idempotent element of k[G] and eχk[G] ≃ k and
k[G] =
∏
χ:G→k× eχk[G]. Then
detk[t]
(
φ∗,Homk[G](N, M)
)
=
∏
χ:G→k×
detk[t]
(
(eχφ)
∗,Homeχk[G](eχN, eχM)
)
;
detk[t]
(
detk[G][t](φ, M), N [t]
)
=
∏
χ:G→k×
detk[t]
(
deteχk[G][t](eχφ, eχM), eχN [t]
)
Then we may assume that G is the trivial group. In this case,
detk[t]
(
φ∗,Homk(N, M)
)
= detk[t](φ, M)
dimkN = detk[t]
(
detk[t](φ, M), N [t]
)
.

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Applying Lemma 5.3 to N = V , M = OnL/pOnL[t] and φ = t − A0 or φ = t −
∑r
s=0Asτ
s, we
have
L(E, ρ) =
∏
p∈Max(OK)
detF [t]
(
t−A0, Homk[G](V, OnL/pOnL[t])
)
detF [t]
(
t−∑rs=0Asτs, Homk[G](V, OnL/pOnL[t]))
=
∏
p∈Max(OK)
detF [t]
(
detk[t][G]
(
t−A0, OnL/pOnL[t]
)
, V [t]
)
detF [t]
(
detk[t][G]
(
t−∑rs=0 Asτs, OnL/pOnL[t]), V [t])
= detF ((t−1))
( ∏
p∈Max(OK)
detk[t][G]
(
t−A0, OnL/pOnL[t]
)
detk[t][G]
(
t−∑rs=0Asτs, OnL/pOnL[t]) , V ((t
−1))
)
= detF ((t−1))
(
L(E, G), V ((t−1))
)
∈ F ((t−1)).
This proves Theorem 1.13 (2).
6. Special values of Artin L-functions of Galois representations
Recall that L/K is a finite Galois extension of Galois group G. Let p be a maximal ideal of OK
and P a maximal ideal of OL above p. Let e be the ramification index of L/K at p. Let frobP be
the inverse image of the Frobenius element FrobP ∈ GP/IP in GP. Then |frobP| = e.
Lemma 6.1. If L/K is abelian and tamely ramified at p, then e
∣∣|κ×p |.
Proof. Let Kp and LP be the complete fields of K and L at p and P, respectively. Then GP ≃
G(LP/Kp) and LP/Kp is tamely ramified at p. Let M be the maximal unramified extension of
Kp in LP. So LP/M is totally and tamely ramified. So there exists a uniformizer ξ of M such
that LP = M(
e
√
ξ). Since LP/M is Galois, one can choose a primitive e-th root of unity ζ in M .
Let σ ∈ G(LP/M) such that σ( e
√
ξ) = ζ e
√
ξ. Choose δ ∈ G(LP/Kp) such that δ|M is the Frobenius
element of the unramified extension M/Kp. Then δ(
e
√
ξ) = α e
√
ξ for some α ∈ O×LP . One has
σ(δ( e
√
ξ)) = σ(α e
√
ξ) = σ(α)ζ e
√
ξ and δ(σ( e
√
ξ)) = δ(ζ e
√
ξ) = δ(ζ)α e
√
ξ.
Since G is abelian, we have σ(α)ζ = δ(ζ)α. Since LP/M is totally ramified, then the residue fields
of M equal to κP. Let δ¯ ∈ G(κP/κp) defined by δ and ζ¯ the image of ζ in κP. Then δ¯(ζ¯) = ζ¯.
Since δ¯ generates G(κP/κp), then ζ¯ ∈ κp. Since (e, |κp|) = 1, then ζ¯ is a primitive e-th root of
unity in κp and hence e
∣∣|κ×p |. 
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Lemma 6.2. Suppose L/K is abelian and tamely ramified at p. Then
∑
σ∈frobP
σ(x) ≡ ex|κp| (mod pOL) for any x ∈ OL.
Proof. Let M = LIP and let q1, . . . , qr be the various prime ideals of OM above p. Then pOM =
q1 · · · qr. There exists a unique prime ideal Pi of OL above qi for any 1 ≤ i ≤ r. Then qiOL = Pei
and OM/qi ≃ OL/Pi. For any x ∈ OL, there exists y ∈ OM and z ∈ Pi such that x = y + z. By
the definition of frobP, we have ∑
σ∈frobP
(σ(y) − y|κp|) ∈ qi.
By Lemma 6.1, e < |κp| and then∑
σ∈frobP
σ(z) ∈ LIP ∩Pi = M ∩Pi = qi and z|κp| ∈ Pei = qiOL.
So
∑
σ∈frobP
(σ(x) − x|κp|) =
∑
σ∈frobP
(σ(y)− y|κp|) +
∑
σ∈frobP
(σ(z)− z|κp|) ∈
r⋂
i=1
qiOL = pOL.

Lemma 6.3. Suppose L/K is abelian and tamely ramified at p. Then
|C⊗n(OL/pOL)|k[t][G] = |κp|nk[t] −
1
e
∑
σ∈frobP
σ ∈ k[t][G];
|Lie(C⊗n)(OL/pOL)|k[t][G] = |κp|nk[t] ∈ k[t].
Proof. For any 1 ≤ i ≤ n and δ ∈ G(κp/k), let Mi,δ be the k-vector space OL/pOL equipped with
the κp-module structure given by the composite κp
δ−→ κp = OK/p →֒ OL/pOL. Then we have a
κp-linear isomorphism
OnL/pOnL ⊗k κp ≃
⊕
1≤i≤n, δ∈G(κp/k)
Mi,δ; (x1, . . . , xn)⊗ y 7→ ⊕i,δδ(y)xi,
where the κp-module structure on OnL/pOnL ⊗k κp is given by κp. By Definition 1.3,
C⊗n(t)(x1, . . . , xn−1, xn) = (zx1, . . . , zxn−1, zxn) + (x2, . . . , xn, x
q
1)
for any (x1, . . . , xn) ∈ OnL/pOnL. Let τ ∈ G(κp/k) be the q-th power map. Then the operator
z⊗idκp on OnL/pOnL⊗kκp corresponds to ⊕i,δδ−1(z) :
⊕
i,δMi,δ →
⊕
i,δMi,δ and that of (C
⊗n(t)−
z)⊗ idκp to φ such that φ(Mi,δ) ⊂Mi−1,δ and φ(M1,δ) ⊂Mn,δτ for any 2 ≤ i ≤ n and δ ∈ G(κp/k).
EQUIVARIANT SPECIAL L-VALUES OF ABELIAN t-MODULES 33
Moreover, φ : Mi,δ → Mi−1,δ corresponds to the identity map and φ : M1,δ → Mn,δτ to the q-
th power map via Mi,δ = OL/pOL. Then φn[κp:k] preserves Mi,δ and φn[κp:k] : Mi,δ → Mi,δ
corresponds to the q[κp:k] = |κp|-th power map via Mi,δ = OL/pOL. By Lemma 6.2, φn[κp:k] =
1
e
∑
σ∈frobP
σ on Mi,δ. Since L/K is tamely ramified at p, then OL/pOL is a free κp[G]-module of
rank one. By a little modification of [3, Lemma 8.1.3 ], we have
|C⊗n(OL/pOL)|k[t][G]
= detk[t][G]
(
t− C⊗n(t), OnL/pOnL[t]
)
= detκp[t][G]
(
t− C⊗n(t)⊗ idκp , OnL/pOnL ⊗k κp[t]
)
= detκp[t][G]
(
t−⊕i, δδ−1(z)− φ,
⊕
1≤i≤n, δ∈G(κp/k)
Mi,δ[t]
)
= detκp[t][G]
( ∏
1≤i≤n, δ∈G(κp/k)
(t− δ−1(z))− φn[κp:k], M1,τ [t]
)
=
∏
1≤i≤n, δ∈G(κp/k)
(t− δ−1(z))− 1
e
∑
σ∈frobP
σ
= |κp|nk[t] −
1
e
∑
σ∈frobP
σ ∈ k[t][G].
Using the same method, we also have
|Lie(C⊗n)(OL/pOL)|k[t][G] = |κp|nk[t] ∈ k[t].

By normal basis theorem, κP is a free κp[G(κP/κp)]-module of rank one. By the same argument
of Lemma 6.3, we have the following corollary for any finite Galois extension L/K not necessary
abelian or tamely ramified at p.
Corollary 6.4. We have
|C⊗n(κP)|k[t][G(κP/κp)] = |κp|nk[t] − FrobP ∈ k[t][G(κP/κp)];
|Lie(C⊗n)(κP)|k[t][G(κP/κp)] = |κp|nk[t] ∈ k[t].
Lemma 6.5. Let ρ : G→ GLF (V ) be a finite dimensional F -linear representation. We have
|Homk[G](V, C⊗n(OL/pOL))|F [t]
|Homk[G](V, Lie(C⊗n)(OL/pOL))|F [t]
= detF [[t−1]]
(
1− ρ(FrobP)|κp|nk[t]
, VIP [[t
−1]]
)
;(6.1)
|V ∗ ⊗k[G] C⊗n(OL/pOL)|F [t]
|V ∗ ⊗k[G] Lie(C⊗n)(OL/pOL)|F [t]
= detF [[t−1]]
(
1− ρ(FrobP)|κp|nk[t]
, V IP [[t−1]]
)
.(6.2)
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Proof. Let P1, . . . ,Pr be the various primes of OL lying above p such that P1 = P. Then
OL/pOL =
∏r
i=1OL/Pei . So OL/pOL = IndGGP(OL/Pe) = k[G] ⊗k[GP] OL/Pe as k[G]-modules.
Then
Homk[G](V, OL/pOL) = Homk[G](V, IndGGP(OL/Pe)) = Homk[GP](V, OL/Pe);
V ∗ ⊗k[G] OL/pOL ≃ V ∗ ⊗k[G] k[G]⊗k[GP] OL/Pe = V ∗ ⊗k[GP] OL/Pe.
So we may assume r = 1 and then G = GP. Let τ0 = Lie(C
⊗n)(t) and τ1 = C
⊗n(t)−Lie(C⊗n)(t).
Since ((P/Pe)n, τ0, τ1) ∈ NilCohGτ˜ (κp, k), the short exact sequence 0 → P/Pe → OL/Pe →
κP → 0 shows
(Homk[G](V, (OL/Pe)n), τ0, τ1) ≃ (Homk[G](V, κnP), τ0, τ1) ∈ C˜rys(κp, F ).(6.3)
Since IP acts trivially on κP and G/IP ≃ G(κP/κp), we have
Homk[G](V, κP) ≃ Homk[G](VIP , κP) = Homk[G(κP/κp)](VIP , κP)
V ∗ ⊗k[G] κP = (V ∗)IP ⊗k[G] κP ≃ (V IP)∗ ⊗k[G(κP/κp)] κP.
By Lemma 5.3 and Corollary 6.4, we have
|Homk[G](V, C⊗n(OL/pOL))|F [t]
|Homk[G](V, Lie(C⊗n)(OL/pOL))|F [t]
=
detF [t]
(
t− C⊗n(t), Homk[G](V, OnL/pOnL)[t]
)
detF [t]
(
t− Lie(C⊗n)(t), Homk[G](V, OnL/pOnL)[t]
)
=
detF [t]
(
t− C⊗n(t), Homk[G(κP/κp)](VIP , κnP[t])
)
detF [t]
(
t− Lie(C⊗n)(t), Homk[G(κP/κp)](VIP , κnP[t])
)
=
detF [t]
(
detk[G(κP/κp)][t]
(
t− C⊗n(t), κnP[t]
)
, VIP [t]
)
detF [t]
(
detk[G(κP/κp)][t]
(
t− Lie(C⊗n)(t), κnP[t]
)
, VIP [t]
)
=
detF [t]
(
|κp|nk[t] − ρ(FrobP), VIP [t]
)
detF [t]
(
|κp|nk[t], VIP [t]
)
= detF [[t−1]]
(
1− ρ(FrobP)|κp|nk[t]
, VIP [[t
−1]]
)
∈ 1 + t−1F [[t−1]],
where the second equality holds by applying Lemma 3.18 to (6.3).
Equality (6.2) is a dual version of (6.1). 
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Define the trace map
trP : VIP → V IP , trP(v) =
∑
g∈IP
ρ(g)(v) for any v ∈ VIP .
Suppose L/K is tamely ramified at p. This means (p, e) = 1. For any v ∈ V IP , we have
trP(
1
ev) = v. For any v ∈ V such that trP(v) = 0, we have v =
∑
g∈IP
1
e (v− ρ(g)(v)) ∈ IPV . This
proves that trP is an isomorphism if L/K is tamely ramified at p. Since L/K is Galois, there are
only finitely many prime ideals of OK where L/K is ramified. By Lemma 6.5, we prove Lemma
1.4 and Lemma 1.5.
Lemma 6.6. Define the trace map
trρ : V
∗ ⊗k[G] OnL → Homk[G](V, OnL)
by trρ(f ⊗ x)(v) =
∑
g∈G trF/k(f(g
−1v))gx for any f ∈ V ∗, x ∈ OnL and v ∈ V .
(1) The trace map trρ is well defined and F ⊗k OK-linear.
(2) Let S be the finite set of prime ideals of OK where L/K is wildly ramified. LetM = ker(trρ)
and N = cok(trρ). Then M and N are two finite OK-modules supported on S.
(3) If V is a projective F [G]-module, then α is an isomorphism.
Proof. (1) holds by direct calculations. Let OK, p be the complete local ring of OK at p and
OL, p = OL ⊗OK OK, p. Suppose L/K is tamely ramified at p. Then OL, p is a free OK, p[G]-
module of rank one. To prove (2), it suffices to prove the bijectivity of
trρ : V
∗ ⊗k[G] OnL, p → Homk[G](V, OnL, p).
Since OL, p is a free k[G]-module, then we only need to show the bijectivity of
trρ : V
∗ ⊗k[G] k[G]→ Homk[G](V, k[G]).
The proof is direct. If V is a projective F [G]-module, we may assume that V = F [G] is the regular
representation reg of G. Then (3) holds by the isomorphism
trreg : HomF (F [G], F )⊗k[G] OnL → Homk[G](F [G], OnL).

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Theorem 6.7. We have
L(n, ρ) = [Homk[G](V, Lie(C
⊗n)(OL)) : Homk[G](V, exp−1C⊗n(C⊗n(OL)))]F ((t−1))
·|H(C⊗n, ρ)|F [t] ·
|Lie(C⊗n)(M)|F [t]
|C⊗n(M)|F [t]
· |C
⊗n(N)|F [t]
|Lie(C⊗n)(N)|F [t]
.
This means that L(C⊗n, ρ) = λ · L(n, ρ) for some λ ∈ F (t)×. If L/K is tamely ramified at any
prime ideal of OK or V is a projective F [G]-module, then L(C⊗n, ρ) = L(n, ρ).
Proof. By Lemma 6.6 and applying Lemma 3.18 to the exact sequence
0→M → V ∗ ⊗k[G] OnL
trρ−−→ Homk[G](V, OnL)→ N → 0,
we have
L(n, ρ) = L(C⊗n, ρ) · |Lie(C
⊗n)(M)|F [t]
|C⊗n(M)|F [t]
· |C
⊗n(N)|F [t]
|Lie(C⊗n)(N)|F [t]
.
The theorem holds by applying Theorem 1.11 to C⊗n. 
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